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Analytic model calculation of magnetic field in a magnetic half-space 
due to surface magnetic charge 
Z. J. Chen, M. R. Govindaraju, and D. C. Jiles 
Ames Laboratory, Iowa State University, Ames, Iowa 50011 
By analogy with electrostatic field, a simple analytic model is presented on the distribution of 
magnetic field inside a test material as a result of surface inspection with a magnetic probe. 
According to this model, the penetration depth of the magnetic field is defined and the 
permeability of the material at. different depths is caIculated. Finally, the magnetic flux inside the 
inspection head when placed on samples of different. thicknesses is calculated and compared with 
experimental results. 
I. INTRODUCTION 
Surface inspection of properties of magnetic materials 
by a two-pole magnetic surface sensor is a useful and prac- 
tical method, especially in the field of nondestructive eval- 
uat.ion. In the past, work has been done in the detection of 
fatigue damage,’ creep damage,” and stress effects3 by this 
method. However, due to the discontinuity of the magnetic 
circuit and nonuniform distribution of magnetic field inside 
the test material, this technique is handicapped by the 
practical problem of calculating the intrinsic magnetic 
properties of the test material from such a measurement. 
This article discusses a means to solve this problem by 
presenting a simple model of magnetic field distribution 
inside a material and then gives a method of calculating 
permeability of the test material at different depths. Also, 
the magnetic flux inside the inspection head is derived and 
compared with experimental results. 
II. MAGNETIC FIELD DISTRIBUTION 
By contacting a two-pole magnetic inspection head, 
which has a power coi1, flux coil, and Hall plate, on a test 
material (see Fig. 1 ), a magnetic circuit is formed. The 
field distribution inside the material affects the magnetic. 
---* 
Flux wil 
----I 
Test Mate&l 
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FIG. 1. Inspection head and test material. The coordinate system is 
defined so that two poles of icspection head are along the x axis, y rep- 
resents the depth of material, and z is parallel to the surface of the test 
material. 
measurement. Due to the discontinuity of the magnetic 
circuit at the interface of the inspection head and test ma- 
terial, we can consider that surface magnetic charges are 
formed. This problem is similar to the electric field distri- 
bution inside a material due to two electric charges and, 
therefore, the two calculations can be treated as analogous. 
If the thickness of the test material is very large compared 
with the distance between the two charges, then the bound- 
ary condition for field distribution on the far surface can be 
approximately treated as 
lim H(R) =O. (1) 
R-.Bj 
Thus, the magnetic field in the half-space of test material is 
H(R) =; <dp 
14 
& lR!a,3 W-a)-& ,Rza,j (R+d, 
(2) 
wherep (in units of A m) is the magnetic pole strength. If 
the inspection head is aligned on the x axis, then the field 
on they axis in the lower half-space is 
H(y)? ’ 6Tj7T-m (3) 
where H(0) is the surface field when y=O. 
Ill. FIELD PENETRATION DEPTH AND AVERAGE 
PERMEABILITY 
From Eq. (3), it can be seen that magnetic field is not 
uniform inside the test material. It decays when y in- 
creases. The penetration depth lP is defined as the distance 
by which the magnetic field has decayed to l/e of its sur- 
face value. From this definition of penetration depth, H(Z,) 
= (l/e)H(O), it is found that IP==0.?7&z--a. Clearly, the 
penetration depth of the field depends on the distance be- 
tween two poles of the inspection head and is about half of 
the pole separation. This is a useful practical result for 
designing inspection heads for different depths of penetra- 
tion. 
The permeability p of ferromagnetic materials varies as 
a fun&ion of magnetic field during initial magnetization as 
shown in Fig. 2. This also shows magnetic field as a func- 
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TABLE I. Measurements of Bh and  H(t) in samples of different thick- 
“WS. 
H=6 Oe, a=15.9 mm H(O) = 18  Oe, a=923 m 
Sample t (mm) Bha ff(t) Oe Sample t (mm) B(t) 
91  2.m 244.00 5.20 Tl 2.00 761.00 
T2 3.00 451.00 5.20 3-Z 3.00 1075.00 
T3 4.00 702.00 4.50 TIC1 3.18 1180.00 
T4 5.00 825.00 4.20 T3 4.00 1448.00 
T5 6.00 905.00 3.90 TIC2 4.76 1565.00 
T6 7.00 954.00 3.60 T4 
T7 8.00 1013.00 3.40 T5 5.00 6 1639.00 717
T8 9.00 1085.00 3.10 T6 7.00 1809.00 
T7 8.00 1831.00 
T8 9.00 1836.00 
FIG. 2. p(H) curve and  H(y) curves. aRelative value. 
tion of distance below the surface. Clearly, in surface mag- 
netic inspection, p is a function of y. An average perme- 
ability /&aus is defined on Fig. 2 so that ~.&Z(O) equals the 
area under the p (Iri) curve from 0 to H(0). It can be seen 
that /+ depends only on H(0). Here we define a dimen- 
sionless parameter /3 such that 
where & Bh, and Ah are flux, flux density, and area of 
inspection head, k is determined by the configuration of 
inspection head and its value is less than unity due to flux 
leakage from the inspection head across the two legs of the 
c core. From Eqs. (7) and (8), we can obtain 
H(O)wuumz~ f 
PW) =lumLvg * (9) 
Clearly, /3 is determined by H(0) and will be a constant if 
we keep N(0) fixed by adjusting the current to the field 
This equation therefore gives the relation between two 
coil when surface measurements are taken. 
measurable quantities Bh and H(0) with correction for 
leakage k and making some other simplifying assumptions 
IV. MAGNETIC INDUCTION AND MAGNETIC FLUX 
about average permeability and average width of flux pass 
w in the y-z plane. 
Magnetic induction describes the response of test ma- 
terial due to magnetic field. It is the product of permeabil- V. PERMEABILITY OF TEST MATERIAL AT 
ity and magnetic field. In our surface inspection case, DIFFERENT DEPTHS 
WY) ==ptW) If-(y) = AH(Y) lHWb3 ( tlaz+4j3 . (5) 
The magnetic flux passing through the test material in 
the y-z plane is 
$= j; B(y)dA= J^* B(y)wdy, (6) 
0 
where t is the thickness of the test material in they direc- 
tion and w is average width of flux distribution in z direc- 
tion, which is mainly determined by the width of the in- 
spection head. So, 
f P[WY)I 
4=H(Olwa3 Jo (‘tiw)3 dv 
d(0)wa3p, 
s ‘+dy 0 ( a-+y 1 
If the magnetic properties of the test material are not 
uniform, then by changing the length of inspection head 2a 
and keeping H(0) fixed, the permeability of the material 
subjected to the same magnetic field at different depth can 
be measured. From Fig. 2 it can be seen that if H(0) is 
fixed, then pLaVs i unchanged, and so are fi and correspond- 
ing H(/3a). From a surface inspection B, and a(O) can be 
measured. According to Eq. (9), permeability at depth flu 
is 
Data fitted by --.-L-- 8 a - 15.9nm -_ 
!,G+ yij' 
Jfo,j = -zooso__ 
~&.52.8 r-y')' 
For the magnetic circuit in such a surface inspection, it 
is found that the flux inside material is a constant times the 
i 
?---- 4 4 ---* 8 
flux inside the inspection head, ybnm) 3  9  
~=k~h=kAhBh > (8) FIG. 3. Magnetic field inside material on  4’ axis. 
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FIG. 4. Flux density inside inspection head on  materials of different 
thicknesses (using inspection head with a- 15.9 mm). 
/ma) = 
kAhBh ,jm 
H(O)wa t * 
If the dimension of the test material is such that t&a, Eq. 
( 10) simplifies to 
p(fia) =kAhBh/H(0)Lua. W j 
VI. FLUX INSIDE INSPECTION HEAD AND 
EXPERIMENTAL RESULTS 
One direct result of this analytic model of magnetic 
field distribution is Eq. (9) which gives flux density inside 
the inspection head as a function of thickness I of test 
material and pole separation 2a. Experiments were per- 
formed on a set of samples with different thickness. Bh was 
measured while H(0) was kept fixed. Experimental data 
were then fitted using the theoretical function: y/(a2 
+y2) Ii.2 for two different inspection heads of pole separa- 
tion of 2a= 31.8 mm and 2a= 19.0 mm, respectively. For 
an inspection head of 2a= 31.8 mm, H(y) was also mea- 
sured and data were fitted by a l/(a’+yZ)3” function ac- 
cording to Eq. (39. Data are presented in Table I and 
curve-fitting results are shown in Figs. 3-5 (experimental 
points are for y= t). Results are in good agreement with 
the theory considering the finite dimension of the sample, 
which in this case was not even a very close approximation 
to the infinite boundary condition. 
A-.... 
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FIG. 5. Flux density inside inspection head on  materials of different 
thicknesses (using inspection hedd with a=9.5 mm j. 
VII. CONCLUSIONS 
A theoretical equation for magnetic field distribution 
in a material due to a surface magnetic dipole is presented 
in this article. According to this model, the average per- 
meability is delined and the permeability of the material as 
a function of depth is czllculated. The relation between the 
flux density inside the inspection head and the thickness of 
test material has been derived and experimentally tested. 
By modeling the field distribution inside the material, a  
better means of calculating the magnetic properties of the 
test material is expected in the future. Also, a finite element 
method of field calculation should be undertaken eventu- 
ally to cheek and improve this model in order to get a more 
realistic field distribution. 
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